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The Casimir interaction is induced by electromagnetic fluctuations between objects and it is
strongly dependent upon the electronic and optical properties of the materials making up the objects.
Here we investigate this ubiquitous interaction between Weyl semimetals, a class of 3D systems with
low energy linear dispersion and nontrivial topology due to symmetry conditions and stemming from
separated energy cones. A comprehensive examination of all components of the bulk conductivity
tensor as well as the surface conductivity due to the Fermi arc states in real and imaginary frequency
domains is presented using the Kubo formalism for Weyl semimetals with different degree of tilting
of their linear energy cones. The Casimir energy is calculated using a generalized Lifhsitz approach,
for which electromagnetic boundary conditions for anisotropic materials were derived and used. We
find that the Casimir interaction between Weyl semimetals is metallic-like and its magnitude and
characteristic distance dependence can be modified by the degree of tilting and chemical potential.
The nontrivial topology plays a secondary role in the Casimir interaction of these 3D materials and
thermal fluctuations are expected to have similar effects as in metallic systems.
INTRODUCTION
Light-matter interactions are at the forefront of current
fundamental and applied research. The exchange of zero-
point energy modes of fluctuating electromagnetic fields
between objects with finite boundaries gives rise to the
ubiquitous Casimir interaction [1]. This type of force is
strongly dependent on the geometry of the objects as well
as their electronic and optical response [2]. The Casimir
force is especially pronounced at micro and submicrom-
eter separations and it can limit the operation of nano
and micro electronic devices due to unwanted sticktion
and adhesion [3]. Recent developments have shown that
it is beneficial to explore the materials aspect of Casimir
interactions in order to probe novel physics [4]. This in
turn can be of great importance to find ways to control
the magnitude and sign of this ubiquitous force, which
may be used to improve the performance of tiny devices.
Materials with Dirac spectrum have been a fruitful
platform for Casimir force discoveries. Perhaps the most
studied system in this regard has been graphene whose
reduced dimensionality and linear energy band structure
led to many unusual functionalities in this interaction, in-
cluding much enhanced thermal effects [5–12]. Addition-
ally, Casimir force phase transitions driven by external
fields have been predicted in related 2D materials, such
as silicene, germanene, and stanene [13]. Moreover, re-
pulsive and force quantization effects have been described
in other materials, such as 3D topological insulators and
Chern insulators [14–17].
Weyl semimetals (WSMs) are 3D materials and they
have analogous to graphene linear energy dispersion band
structure near the Fermi level. WSMs are also character-
ized by linear energy cones, whose nodes can be viewed as
magnetic monopoles in reciprocal space [18]. Since these
features are associated with Berry curvature, the Hall
effect and its topologically nontrivial nature are also of
interest [19]. Tilting of the Weyl cones is also possible
as one distinguishes between type I and type II WSMs
depending on the degree of tilting. It has been shown
that TaAs, TaP, NbAs, and NbP (the TAAS family),
Na3Sb, Na3Bi and some Heusler alloys are type I WSM,
while MoTe2, WTe2, LaAlGe, and TaIrTe2 belong to the
type II class [20, 21]. Characterization techniques, such
as ARPES, STM, magneto-optical, and quantum oscil-
lations measurements have been utilized to study band
structure effects and optical conductivity signatures in
various WSMs from both types [20, 21]. Exotic surface
states, which are associated with the nontrivial topology
in these materials have also been demonstrated [19].
All of these unique electronic structure properties have
a direct consequence in the optical response of Weyl
semimetals. The interplay between the 3D linear energy
dispersion, separations of the Weyl cones, and their tilt-
ing results in anisotropic optical conductivity tensor with
distinct features in the longitudinal and Hall components
as well as the existence of surface conductivity due to
the special surface Fermi arc states. In this work, using
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2FIG. 1. (Color online) Graphical representation of the electronic structure of Weyl semimetals. (a) Separated cones in
momentum space by b with tilting Ψ < 1. The projected on the surface of the crystal bulk Weyl nodes lead to Fermi arc surface
states; (b) Separated cones in energy space by b0 with tilting Ψ > 1; (c) The severe tilting of the cones results in electron and
hole states residing on the Fermi surface.
an effective model for the linear band structure and the
Kubo formalism a comprehensive examination of the dif-
ferent optical conductivity components is presented for
type I and II WSMs. The Casimir interaction is calcu-
lated using a generalized Lifshitz approach for which the
boundary conditions for anisotropic media are resolved
via the Fresnel reflection matrix. Although the optical
response is complex, the Casimir interaction is found to
be dominated by the bulk diagonal conductivity compo-
nents, while the surface states and Hall conductivity play
a secondary role. Unlike 2D Dirac materials for which
several unusual functionalities were found due to their
non-trivial, the Casimir interaction in WSMs is similar
to the one for metallic systems. We find that the magni-
tude of the interaction is strongly by affected the cutoff
energy for the linear band dispersion as well as chemical
potential and cone tilting.
PROPERTIES OF WEYL SEMIMETALS
Electronic Properties The essential electronic proper-
ties of Weyl materials with linearly dispersing bands
crossing at the Fermi level can be captured by the fol-
lowing Hamiltonian per Weyl node [19, 22]
Hη = (ηb0 + vt · k) 1 + ~vFσ · (ηk + b), (1)
with eigenenergies
Eηk = (ηb0 + vt · k)± ~vF |ηk + b| . (2)
This is a minimal model with a pair of Weyl nodes spec-
ified by their chirality η = ±1. Here vF is the Fermi
velocity, σ = (σx, σy, σz) are the Pauli matrices, k is the
3D wave vector, and 1 is the 2× 2 identity matrix. The
nontrivial topology corresponding to the above Hamil-
tonian is determined by the separation between the two
crossing points in the band structure. For systems with
broken Inversion symmetry this separation, denoted as
b0, marks the distance between the Weyl points in en-
ergy space, while for systems with broken Time Reversal
symmetry b gives this separation in momentum space.
These two cases are generalized in Eq. 1 by using the
four-vector bµ = (b0,b).
In addition to their separation, the Weyl cones can
also be tilted, which is determined by the tilt velocity
vt. One distinguishes between vt/vF < 1 and vt/vF > 1
cases corresponding to type I and type II Weyl semimet-
als, respectively. The vt = 0 situation corresponds to
the simplest type I material with cones in an upright
position (no tilting). In type II WSM the tilt is large
enough so the cones are tipped over transforming the
point-like Fermi surface, typical for type I WSM, to a
different shape. Due to the vt/vF > 1 condition, there
is also a finite density of states at the Fermi level char-
acterized by electron and hole pockets. Let us note that
the nontrivial topology is irrelevant of the cone tilting
and it is present in both types of semimetals. Never-
theless, many properties are expected to be affected by
vt and its relative value with respect to vF , giving rise
to distinct features in the optical response, anisotropic
chiral anomaly, and anomalous Hall effects among others
[22–26].
In this work we consider the separation between the
cones as described by bµ = (b0, bkˆz) and we choose the
cone tilting with respect to the z-axis in momentum space
with vt = vtkˆz. As a result, the above Hamiltonian and
its eigenergies and eigenspinors can be simplified to
Hη = (b0 + ΨK
η
z ) 1 + σ ·Kη, (3)
Eη,±k = (ηb0 + Ψ~vF kz)± |Kη|, (4)
|uηk〉 =
1√
2|Kη||Mη|
( |Mη|(Kηx+iKηy )
Kη⊥
~vFKη⊥
)
, (5)
where Kη = ~vF (ηk + bkˆz), Kη⊥ =
√
Kη,2x +K
η,2
y , and
|Mη| = |Kη|+Kηz . Also, Ψ = vt/vF denotes the tilting
ratio. In Fig. 1a, we show representative band structures
for type I WSM whose cones are separated in momentum
space, which corresponds to materials with broken Time
Reversal symmetry. Fig. 1b shows type II WSM with
3cones separated along the energy direction, which reflects
systems with broken Inversion symmetry. Due to the
tilted cones in type II WSM free carriers at the Fermi
level are also available as schematically shown in Fig. 1c.
Optical Response The optical response of a given ma-
terial is directly related to its electronic structure. The
dynamical optical conductivity tensor is a fundamental
property, which is a necessary ingredient in understand-
ing light-matter interactions, such as the Casimir force.
The components of this tensor can be calculated using
the Kubo formalism [27]. For a given cone specified by
its chirality η, these are
σηij(ω,q) = −ie2
∑
λ,λ′
∫
ddk
(2pi)d
< uλ,ηk |vηi |uλ
′,η
k+q >< u
λ′,η
k+q|vηj |uλ,ηk >
~(ω + i/τ) + Eλ,ηk − Eλ
′,η
k+q
nF (E
λ,η
k )− nF (Eλ
′,η
k+q)
Eλ,ηk − Eλ
′,η
k+q
. (6)
Here |uλ,ηk > and Eλ,ηk (λ, λ′ = ± correspond to the elec-
tron and hole states) are the eigenspinors and eigenen-
ergies for the Hamiltonian in Eqs. (3-5) and vη =
∇kHηs /~ = ηvF (σx, σy, σz) is the velocity operator. Also,
the Fermi-Dirac distribution function is nF (E
λ,η
k ) =
1/(e(E
λ
k−µ)/kBT + 1) and τ is the relaxation time.
Using the eigenstates and energies from Eqs. (4-5) the
conductivity tensor for both types of WSMs is found of
the following form
ση =
 σηxx,b σηxy,b 0−ση∗xy,b σηxx,b 0
0 0 σηzz,b
 .
Each bulk component is decomposed into interband and
intraband terms, such that σηij,b = σ
inter,η
ij,b + σ
intra,η
ij,b . To
obtain the total conductivity corresponding to the Hamil-
tonian in Eq. (3) summation of the contributions from
the Weyl cones must be done, such that σ = σ(+) +σ(−).
Detailed calculations and explicit expressions for zero
temperature, T = 0, and no spatial dispersion, q = 0,
for the Real and Imaginary parts of the interband and
intraband conductivity components are given in the Sup-
plementary Material.
Our results indicate that both types of materials have
anisotropic optical properties with distinct diagonal com-
ponents. Eqs. (3-5) correspond to the 3D bulk band
structure, which is responsible for σzz,b 6= σxx,b = σyy,b.
In addition, the nontrivial topology of the separated Weyl
cones results in a surface conductivity (discussed later),
which gives rise to an anisotropic surface conductivity
tensor. The bulk components have an explicit depen-
dence upon the cone tilting and the cutoff energy c, as
found by several other authors [28–32]. The cutoff energy
serves as a limit beyond which the Dirac bands are not
of linear dispersion anymore [33, 34]. This is different
than the situation in graphene materials, where the op-
tical response is found to be independent of such a cutoff
[35]. The unique role of c is thus related to the interplay
between the linear band dispersion and dimensionality of
the material.
The general expressions for the different conductiv-
ity components are quite complicated, as evident in the
Supplementary Material. Thus in Fig. 2 we show the
nonzero components for a single cone for both types of
WSMs and their dependence on frequency. For ω → 0
Re [σ]xx,b and Re [σ]zz,b of type I WSM tend to zero
when µ = 0 (Fig. 2a), while these components ex-
hibit Drude-like behavior for type II WSM due to the
finite carrier concentration originating from the severe
tilting (Fig. 2c). The Drude-like behavior is also seen in
Fig. 2(e,g), in which intraband contributions from the
non-zero chemical potential are included. We find that
Re [σ]xx,b and Re [σ]zz,b exhibit a linear dependence with
frequency until 2c , however there is some nonlinearity in
the (ΩL =
2µ
|Ψ−1| ,ΩU =
2µ
|Ψ+1| ) region in Fig. 2(e,g) [29].
The real part of the Hall conductivity shows a discontin-
uous behavior as ~ω approaches c. The imaginary parts
of the different components are also given as a function
of frequency. The Im [σ]xx,b and Im [σ]zz,b are discon-
tinuous as ~ω approaches c (Fig. 2b,d,f,h). At small
frequency the imaginary parts are mainly determined by
the Drude-like behavior [28, 30, 31].
In addition to the graphical representation of the
WSMs optical response in Fig. 2, analytical expressions
in different limits for the plasma frequencies and Hall
response can be found. Specifically, in both cases the
intraband conductivities are of Drude type with plasma
frequencies ωI,IIP explicitly dependent on the WSM type
(Eqs. (41,42,46,47) in the Supplementary Material). In
addition, the plasma frequencies for WSM type II are
found to diverge as a function of the cutoff, consistent
with other works [28, 31]. For example, in the limit of
large c the xx-component is obtained as
ωIIP,xx ≈
αc
8pi2~vF
[(
Ψ2 − 1
Ψ
)
2c − 2
µ˜2
Ψ3
log(c)
]
, (7)
where µ˜ = |µ − b0|. Similar second power law and log-
arithimic divergencies upon c are present for the zz-
component of the bulk intraband conductivity.
It is also interesting to examine the behavior of the
plasma frequencies as a function of chemical potential.
For type I WSM limµ˜→0 ωIP,xx(zz) = 0, which shows van-
ishing intraband conductivity as the chemical potential
4FIG. 2. (Color online) Real and Imaginary parts of different conductivity tensor components for a single Weyl cone scaled by
σ0 =
αc
16pivF
as a function of frequency scaled by Eb = ~vF b for: (a) and (b) Ψ = 0.5, µ = 0; (c) and (d) Ψ = 1.5, µ = 0; (e) and
(f) Ψ = 0.5, µ/Eb = 1; (g) and (h) Ψ = 1.5, µ/Eb = 1. The legend given above the panels denotes the total σxx,b (full black)
and σzz,b (full red), interband contributions σ
inter
xx,b (dashed black) and σ
inter
xx,b (dashed red), the bulk Hall conductivity σxy,b
(full green) and the topological Hall conductivity σT (dashed gray). The following parameters were used in the calculations:
c = 10 eV, Eb = 1 eV, c/vF = 300, ~/(τEb) = 10−3.
passes through the Fermi level. For type II WSM, one
finds that
lim
µ˜→0
ωIIP,xx =
αc
8pi2~vF
Ψ2 − 1
Ψ
(
2c + (~vF b)2
)
. (8)
Thus even if µ˜ = 0, there is a nonzero intraband con-
ductivity. This correlates with the severe tilting in the
WSM from Ψ > 1 which results in a band crossing at the
Fermi level, meaning that there are always free carriers
available in the system (Fig. 1c).
We further study the Hall conductivity for each type
of WSM. The zero frequency limit, which is a measure of
the anomalous Hall effect, is obtained as
σI,ηxy (ω = 0) =
αc
4pi2
[
~b+
ηµ˜
~vF
tanh−1(Ψ)−Ψ
Ψ2
]
, (9)
σII,ηxy (ω = 0) =
αc
4pi2
[
~b+
ηµ˜
~vFΨ2
log
cΨ
√
Ψ2 − 1
µ˜
]
.(10)
The first term in the above expressions is common to
both types of WSMs. It is proportional to the distance b
between the cones in momentum space and it reflects the
nontrivial topology of the materials. The second term
in each σ
I(II),η
xy comes from the tilting of the cones and
the chemical potential scaled by the separation in energy
space µ˜ = |µ − b0| and it does not have topological ori-
gin. The Hall conductivity of type II WSM also shows a
logarithmic divergence with the energy cutoff, while σI,ηxy
is finite at the large c limit. Our results are consistent
with calculations reported by other authors [30, 32]. Let
us note, however that the total Hall conductivity for both
types of Weyl semimetals is σ
I(II)
xy (ω = 0) =
αc~b
4pi2 as the
second terms in Eqs. (9, 10) cancel out upon addition
due to the opposite in sign cone chiralities.
Surface Conductivity due to Fermi Arcs One of the
hallmarks of WSMs is their Fermi arc surface states.
Other materials support Fermi surface states that have
circular or deformed circular shapes [36, 37]. In a Weyl
semimetal occupying semi-infinite space with an abrupt
boundary, however, only half of this usual shape resides
on the surface giving rise to a Fermi arc, which essen-
tially starts and ends at the surface projections of the
bulk Weyl points, as schematically shown in Fig. 1a.
The Fermi arcs are also a signature of the nontrivial bulk
topology of WSMs regardless of tilting and their exis-
tence is determined by the bulk-surface correspondence
[38–42]. In the case of Weyl cones separated in momen-
tum space the Fermi arc can be represented as a single
Dirac fermion (similar to graphene), whose conductivity
in the low frequency is of Drude-like type and it is de-
termined by the distance between the cones [43]. Specifi-
cally, for the case of bµ = (0, bkˆz) at the x = 0 surface one
5FIG. 3. (Color online) Different contributions to the bulk conductivity components σij scaled by σ0 =
α~c
16pi~vF as a function
of imaginary frequency ξ scaled by Eb = ~vF b for: (a) Ψ = 0.5, µ = 0; (b) Ψ = 0.5, µ/Eb = 1; (c) Ψ = 1.5, µ = 0; (d) Ψ = 1.5,
µ/Eb = 1. Different contributions to the bulk conductivity components σij,b scaled by σ0 at ξ = 0 as a function of: (e) Ψ for
µ = 0 and (f) µ/Eb for Ψ = 0.5. The following parameters were used in the calculations: c = 10 eV, Eb = 1 eV, c/vF = 300,
~/(τEb) = 10−3.
finds there is only one nonzero conductivity component
σyy,s =
−iαcvF b
2pi2(ω + iΓ)
. (11)
At the y = 0 boundary, the nonzero surface conductivity
is σxx,s with the same value as the above equation. There
is no surface conductivity at the z = 0 boundary since the
projection of the vector bµ = (0, bkˆz) is zero in this case
[43]. Thus this optical response is associated with the
WSM boundary due to the distance between the cones b
and it is highly anisotropic.
Optical Response at Imaginary Frequency For the
Casimir interaction the conductivity components in
imaginary frequency domain ω = iξ are needed. Thus
it is convenient to use the Kramers-Kro¨nig relations for
which,
Re [σij(iξ)] =
2
pi
∫ ∞
0
dω
ξ
ω2 + ξ2
Re [σij(ω)]
=
2
pi
∫ ∞
0
dω
ω
ω2 + ξ2
Im [σij(ω)] . (12)
Realizing that Im [σij(iξ)] = 0, the analytical continua-
tion of Re [σij(iξ)] to all positive imaginary frequencies
in the upper half of the complex plane gives the final
expressions for the conductivity components. By taking
ξ → ξ + ~/τ finite dissipation can be included in the
optical response.
In Fig. 3 results for some functional dependences of the
conductivity components, commensurate with the ones in
Fig. 2 , for a single cone at imaginary frequency ω = iξ
are given. In all cases σinterxx,b and σ
inter
zz,b increase linearly
in the small ξ region (Fig. 3 a,b,c,d). The Hall conduc-
tivity has a very weak dependence upon ξ and in both
WSMs the ξ = 0 limit is governed by the analytical ex-
pressions in Eq. (7) and Eq. (8)). There is a discontinuous
jump at Ψ = 1, which marks the transition between type
I and type II WSMs as shown in Fig. 3e. As Ψ increases
for type II WSM the conductivity is determined primar-
ily by the intraband contributions due to increasing the
number of free carriers from the severe tilting even if
µ = 0. Also, σij,b as a function of µ is depicted for type
I WSM in Fig. 3e at ξ = 0. This behavior is consistent
with our analytical considerations and it shows that the
response is mainly determined by the intraband contri-
butions as the chemical potential grows.
CHARACTERISTIC BEHAVIOR OF THE
CASIMIR INTERACTION
The Casimir interaction can be calculated using the
Lifshitz approach [2, 4], however for lossy materials with
reflection matrices with complex frequency dependence
this formalism must be applied carefully. Specifically,
one must account for contributions from propagating and
evanescent waves, which can arise from frequencies above
and below the light cone, respectively [44]. Thus, for
semi-infinite planar objects taken to be separated by a
distance d along the z-axis, the interaction energy per
6FIG. 4. (Color online) The Casimir energy scaled by
EM = − pi2~c720d3 as a function of: (a) distance for coinciding
nontilted Weyl cones (b = 0,Ψ = 0) and different values
of the cutoff parameter c; (b) the unitless parameter d · b
with bulk xx = yy = zz = 1 and no surface conductivity;
(c) and (d) distance for separated nontilted Weyl cones with
b1 = b2 = b calculated with the full conductivity (diagonal
and Hall components) with Γ = 10−3 eV (full curves), diago-
nal conductivity and no Hall components with Γ = 10−3 eV
(dashed curves), and diagonal conductivity and no Hall com-
ponents with Γ = 0 (dotted curves) for c = 1 eV and c = 5
eV respectively. Also, b1,2 denote the cone separations of the
two interacting Weyl materials.
unit area A can be written as
E
A
=
E
A
+
E∗
A
, (13)
E
A
= kBT
∑
n
′ ∫ d2k‖
(2pi)2
log det
(
1−R1 ·R′2e−2knd
)
.(14)
Here Rj = Rj(kn, kx, ky) for j = 1, 2 are the 2 × 2
Fresnel reflection matrices for the interacting objects,
where kn =
√
k2x + k
2
y + ξ
2
n/c
2 with ξn = 2pinkBT/~
being the Matsubara frequencies (n = 0, 1, 2, . . . and
k‖ = (kx, ky)). Also, R′j = Rj(−kn, kx, ky) denotes the
reflection matrix for scattering with opposite direction
[17]. The generalized Lifshitz expression from Eqs. 13
is necessary for the interaction involving Weyl semimet-
als. From our subsequent calculations we find that the
reflection matrices may not be real in some imaginary
frequency ranges. This is attributed to the interplay be-
tween propagating and evanescent wave stemming from
the anisotropic optical response, which motivates the
generalization of the Lifshitz formalism [44].
The reflection matrices depend explicitly on the opti-
cal response of the involved materials and they are ob-
tained by applying electromagnetic boundary conditions
for semi-infinite 3D objects with planar surfaces sepa-
rated at a finite distance. Resolving the reflection matri-
ces is technically difficult as each type of Weyl semimetal
has anisotropic bulk and surface optical response as well
as nonzero bulk Hall response. Nevertheless, the elec-
tric and magnetic fields can be expanded in terms of
the suitable for planar geometry orthogonal functions
Mk(r) =
1
k‖
∇ × [zˆφk(r)] and Nk(r) = cω∇ ×Mk(r)
(φk(r) = e
ik·r, k‖ =
√
k2x + k
2
y). Details of the deriva-
tion of the electromagnetic radiation impinging on the
x = 0, y = 0, or z = 0 surface of a semi-infinite Weyl
material can be found in the Supplementary Material.
Many of the topologically nontrivial features in Weyl
semimetals are related to the separation of their energy
cones in momentum space. In order to better understand
this issue in the context of the Casimir interaction, we
consider some limiting cases with respect to bµ = (0, bkˆz).
The so obtained results are then compared with the nu-
merical calculations, in which the full optical response of
the materials is taken into account.
Coinciding Weyl Cones At this point, we consider non-
tilted Weyl cones with b = 0. Such a situation with co-
inciding cones corresponds to a 3D Dirac semimetal [20].
In this case, one finds that the interband conductivity
components in the imaginary frequency domain are of
the following form
σinterij (ξ) =
αcξ
12pi2vF
log
(
~2ξ2 + 42c
~2ξ2 + 4µ2
)
δij . (15)
This isotropic response simplifies the reflection matrices
entering in Eqs. (13) and some asymptotic behavior of
the Casimir energy can be found analytically. For ex-
ample, the quantum mechanical (T = 0) Casimir energy
in the limit of large cutoff frequency is obtained as the
energy for perfect metals, such that EMA = − pi
2~c
720d3 . As c
is finite, the limiting cases of large and small separations
with respect to the characteristic distance d0 =
~c
2c
can
be found
lim
dd0
E =
45
pi4
d
d0
EM (16)
×
[
1
12β2
+ 1 + β + eβ(β + 2)βEi(−β)
]
,
lim
dd0
E =
45
pi4
X3 − 3X + 2
X(1 +X)2
EM , (17)
where β = 3pivFαc , X =
√
1 + 1β log
(
1 + d
2
d20
)
, and Ei(x) is
the exponetial integral evaluated at x. Thus the small d
limit results in a d−2 scaling law for the energy. Due to
the weak logarithmic dependence on d in X, however, the
large d limit is essentially similar to the one for perfect
metals with a d−3 scaling law in the energy.
In Fig. 4a we show the numerical calculations for the
quantum mechanical interacting energy of materials with
7optical response from Eq. (15). These results indicate
that the energy cutoff practically determines the charac-
teristic behavior of the Casimir energy through the dis-
tance d0, which is in agreement with Eqs. (16), (17).
Specifically, for c = 1 eV one finds that d0 = 100 nm,
while for c = 5 eV - d0 = 20 nm. Thus the onset of a
metallic-like interaction is strongly related to the range
of validity of the linear band structure approximation
controlled by c. Such an explicit dependence upon the
cutoff energy is not present in 2D materials with Dirac
energy spectra, where the optical response and Casimir
energy are independent of the bandwidth of the linear
bands, except at very small distances [13, 15, 35].
The Role of Cone Separation The parameter b enters
into the reflection matrices in a complicated way, which
makes it difficult to obtain analytical expressions for the
Casimir energy for the considered materials. To get some
idea about the role of the cone separation, we consider
the situation when there is no surface conductivity and
the bulk conductivity tensor contains only off-diagonal
components with σηxy,b = σT =
e2b
4pi2 , which capture the
anomalous Hall effect (Eqs. (9, 10)). We find that in the
limiting case of small distance, the Casimir energy is
lim
d→0
E
A
=
~cα2
96pi4d
b1b2, (18)
where b1,2 are the cone separation parameters for the
two interacting materials. In the large distance limit,
the energy for perfect metals is obtained.
Eq. (18) shows a d−1 scaling law in the short distance
separation and the α2 dependence in the numerator in-
dicates that the energy is of rather small magnitude. It
is also recognized that the product b1b2 can be positive
or negative given that the cone separation can be in pos-
itive or negative domains in momentum space [20, 21].
This behavior is reminiscent of the Casimir interaction
in other topological materials, whose response is domi-
nated by the Hall conductivity [13–15]. The positive sign
of the product of the cone separation parameters, which
are essentially proportional to the constant anomalous
Hall conductivity, is associated with repulsion as found
in 3D topological insulators and 2D Chern insulators.
However, since b1,2 are continuous, the Casimir energy is
not quantized as found in other topological materials due
to the discrete nature of their Hall conductivities. Ad-
ditionally, the Casimir energy in topological and Chern
insulators has d−3 scaling law, while in Weyl semimetals
there is a crossover in distance dependence from d−1 at
small separations to d−3 at large separations.
The numerical results for the interaction energy when
only the bulk Hall conductivity σηxy,b = σT =
e2b
4pi2 is
taken into account are shown in Fig. 4b. The repul-
sive interaction at small separations is dictated by the
sign of the b1b2 product according to Eq. (18), while
at large separations the energy approaches the limit of
perfect metals, which is in agreement with the above dis-
cussed analytical expressions. The strongest repulsion is
found for b · d(×103) ∼ 1/2, thus characteristic values
b = 5− 20 nm−1 correspond to d = 0.1− 0.025 microns.
Nevertheless, this repulsive interaction is at least two or-
ders of magnitude smaller than EM in the sub-micron
and micron separation region (depending on b values), as
suggested by Fig. 4b.
In Fig. 4c,d, the numerical results for the normalized
Casimir energy as a function of separation calculated by
taking into account the full optical conductivity tensor of
dissipative materials are shown for two values of the cut-
off energy. The corresponding energies obtained when
only the diagonal components of the conductivity with
and without dissipation are taken into account, are also
shown. These results reveal the surprising role of dissi-
pation: while the low and high d limits in E are best
captured for calculations with the diagonal conductivity
(no Hall components), the low d limit is better described
when Γ = 0, while the higher d range is better described
when dissipation is finite. Fig. 4c,d further shows that
the role of cone separation is to bring E closer to EM
in the intermediate distance range and and all repulsive
effects are washed out by the dominant diagonal compo-
nents of the optical response.
At this point, one might ask how the surface conduc-
tivity due to the Fermi arcs affects the Weyl Casimir
interaction. For the chosen bµ = (0, bkˆz) σzz,s = 0 as
discussed earlier, thus to probe this property WSMs sep-
arated along the y- or x-axis must be considered with
the appropriate Fresnel matrices given in the Supplemen-
tary Material. Although the numerical calculations are
technically difficult we find that the surface conductivity
plays even a lesser effect in the Casimir energy as com-
pared to the one of the Hall conductivity as discussed
above. The surface conductivity increases the metallic-
like nature of the interaction, but given the smallness of
the effect further results are not given.
Quantum Mechanical Casimir Energy for Tilted WSMs
In what follows, we further investigate how other char-
acteristics affect the interaction between Weyl materials.
More specifically, by utilizing the full optical response
dissipative type I and type II WSMs separated along the
z-axis are considered and the Casimir energy upon cutoff
energy, degree of tilting, and chemical potential is calcu-
lated. For this purpose, the generalized Lifshitz formula
in Eq. (13), while the optical response and Fresnel matri-
ces can be found in the Supplementary Material. These
results help us find ways to modulate the Weyl Casimir
interaction as well as recognize signatures of the optical
response and compare with the above discussed analyti-
cal expressions.
The scaling dependence shown in Fig. 5a indicates that
Casimir energy increases as d is increased, although for
the case of Ψ = 0, µ = 0 this increase is at a much smaller
scale as compared to the other displayed cases. This
8FIG. 5. (Color online) The Casimir energy scaled by EM = − pi2~c720d3 for two identical Weyl semimetals separated along the
y-direction as a function of: a) distance for different values of cone tilting and chemical potential (c = 5 eV, Eb = 1 eV,
c/vF = 300). The vertical axis of the inset is in log scale for better visibility; (b) cutoff energy scaled by Eb for different
separations (c = 5 eV, Ψ = 0, c/vF = 300, µ = 0); (c) tilting for different separations and chemical potentials (c = 5 eV,
Eb = 1 eV, c/vF = 300, µ = 0); (d) chemical potential for different titling and separations (c = 5 eV, Eb = 1 eV, c/vF = 300);
(e) distance for different values of the Fermi velocity (c = 5 eV, Eb = 1 eV, µ = 0, Ψ = 0.5). In all calculations ~/(τEb) = 10−3.
behavior is reminiscent of the interaction between Drude-
like metals controlled by the magnitude of their plasma
frequencies. The larger the plasma frequencies, the closer
the interaction is to the one for perfect metals. In the case
of larger Ψ and µ, the intraband conductivities dominate
the Casimir interaction due to their large ωP , while for
Ψ = 0 and µ = 0 the optical response is dominated by
the interband components and E/EM is a small fraction.
The behavior of E/EM vs d for Ψ = 0, µ = 0 in
Fig. 5a is actually very similar to the analytical results
of the Casimir energy for coinciding Weyl cones whose
d0 = 20 nm when c/Eb = 5 (Fig. 4a). Indeed, E/EM at
large distances (d d0) is practically determined by the
prefactor in Eq. (16), which indicates that type I WSM
with µ = 0 behaves as a Dirac material with coinciding
cones in the displayed region of distance separation. For
the other cases in Fig. 5a, however, the nonzero plasma
frequency elevates the role of the intraband conductiv-
ity and the interaction is essentially similar to the one
of Drude-like metals [2]. Given that the cutoff energy
plays a prominent role in ωIIP (Eqs. 7, 8), Fig. 5b shows
how the Casimir interaction changes as a function of c
for type I and II WSMs. The much more pronounced en-
hancement of E for type II WSMs as c is increased is due
to the large intraband optical conductivity and specifi-
cally the strong dependence of its plasma frequency on
the energy cutoff (Eqs. (7, 8)).
Fig. 5c displays how the Casimir energy changes as
a function of degree of cone tilting. The change of an
almost flat E/EM to a linear-like behavior at Ψ ∼ 1
signals a transition in the Casimir energy from type I
to type II WSM. Again, the much stronger interaction
for type II WSMs as compared to type II WSMs in Fig.
5c gives another perspective of the much enhanced role
of the intraband optical conductivity for Ψ > 1. Fig.
5d further shows that the chemical potential is also an
effective parameter in controlling the magnitude of the
Casimir energy for both types of WSMs, although the
degree of tilting and distance separation can affect the
degree of change. Additionally, increasing the Fermi ve-
locity of the linear bands in Eq. (4) can increase the
magnitude of Casimir energy although the characteristic
behavior in terms of distance and other parameters are
preserved (Fig. 4e).
Our numerical calculations indicate that the b param-
eter plays a rather small role and the Casimir interaction
is dominated by the contributions from the diagonal com-
ponents in the optical tensor. This can be easily under-
stood in the context of the above discussions for the lim-
iting cases of coinciding Weyl cones and materials with
only Hall conductivity components. In fact, taking the
case of non-tilted Weyl cones and expanding the Fresnel
reflection matrices for small σxy due to σxy  σxx = σzz,
we find that the first order correction in the small dis-
tance limit between Weyl semimetals with µ = 0 is the
same as Eq. (18). Given the much longer range due to
the d−1 dependence and the α2 in the numerator, it be-
comes clear that first order correction is much smaller
than the dominant Casimir energy due to the diagonal
components of the bulk conductivity response.
Thermal Casimir energy Thermal fluctuations in the
Casimir energy are captured in the n = 0 Matsubara
term of Eq. (13) and they are expected to dominate at
room temperature at separations on the sub-micron and
micron scales for many materials [2, 4]. To study the
thermal effects in the Casimir interaction of WSMs, we
calculate the conductivity at finite T in the limit ξ → 0+
using the results in the Supplementary Material (Bulk
Optical Conductivity) and the Maldague’s formula [13,
45, 46]. The interband conductivity is linear in ξ in the
limit of small frequency and it is well approximated as
σij(ξ) ≈ 2αcξ
3pivF
log
(
c
Max(|µ|, pikBT2eγ )
)
δij , (19)
9where γ is the Euler’s constant. The intraband conduc-
tivity at finite T and ξ → 0 has the typical Drude-like
expression
σij(ξ) ≈ c
2ω
(I,II)2
P
4pi(ξ + Γ)
δij , (20)
where ωI,IIP are the plasma frequencies for type I and
type II WSMs. Since the optical response at ξ → 0+
is dominated by the intraband contribution, the thermal
Casimir energy is found as
ET
A
= − kBT
16pid2
ζ(3), (21)
where ζ(s) is the Riemann zeta function. Thus the ther-
mal effects in the WSM Casimir interaction are of the
usual form of a Drude metal.
CONCLUSIONS
The interaction induced by electromagnetic fluctua-
tions between Weyl materials is determined by the com-
plicated interplay between the optical and electronic re-
sponse properties of these systems. In this study, we
present a comprehensive investigation of the bulk and
surface conductivity components by distinguishing be-
tween type I and type II WSMs. Our results indicate
that the Casimir interaction exhibits a behaviors similar
to the one of metallic-like systems due to the dominant
role of the diagonal bulk conductivity components. The
quantum mechanical interaction can be modulated as a
function of chemical potential and cone tilting as cap-
tured by the µ and Ψ dependences in the plasma fre-
quency for type I and type II materials.
The explicit c dependence in the bulk conductivity
renders strong dependence of the interaction upon the
cutoff energy corresponding to the validity of the linear
energy dispersion. Unlike topological and Chern insula-
tor, where the nontrivial topology can result in significant
repulsive and even quantization effects, the anomalous
Hall conductivity plays a rather small role in the quan-
tum interaction in Weyl materials. We also find that be-
cause of the dominant diagonal bulk conductivity, ther-
mal fluctuations are expected to affect the Casimir inter-
action in a similar way as the case of metallic systems.
Our investigation is a testament that a thorough under-
standing of the fundamental electronic and optical prop-
erties of materials is necessary in order to make progress
towards other research areas, such as light-matter inter-
actions and the Casimir force as a particular example.
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BULK OPTICAL CONDUCTIVITY TENSOR COMPONENTS
Here we summarize our results for the nonzero conductivity tensor components in real frequency due to the bulk
electronic structure (Eqs. (3-5) in the main text) as calculated using the Kubo formula (Eq. 6 in the main text).
As emphasized in the main text, a cutoff energy c, which describes the validity of the linear energy dispersion of
the Weyl Hamiltonian, is introduced in the calculations. We also take that optical transitions do not occur with
frequencies greater than 2c, which leads to simplifications especially in the Imσ
inter
xy,b [1].
The results from direct evaluation of the optical conductivity components for both types of WSMs are given below.
Type I WSM; Bulk Interband Components:
Re
[
σinter,Ixx,b (Ω)
]
=
αc
16pi~vF
{[
−2µ˜3
3Ψ3Ω2
+
µ˜2
Ψ3Ω
− µ˜
(
Ψ2 + 1
)
2Ψ3
+
(
4Ψ3 + 3Ψ2 + 1
)
Ω
12Ψ3
]
χ[ΩU ,ΩL](Ω) +
2
3
Ωχ[ΩL,2c](Ω)
}
(S1)
Re
[
σinter,Izz,b (Ω)
]
=
αc
16pi~vF
{[
4µ˜3
3Ψ3Ω2
− 2µ˜
2
Ψ3Ω
− µ˜
(
Ψ2 − 1)
Ψ3
+
(
2Ψ3 + 3Ψ2 − 1)Ω
6Ψ3
]
χ[ΩU ,ΩL](Ω) +
2
3
Ωχ[ΩL,2c](Ω)
}
(S2)
Im
[
σinterxy,b (Ω)
]
=
αc
16pi~vF
[
η
Ψ2
(
µ˜− µ˜
2
Ω
−
(
1−Ψ2)Ω
4
)
χ[ΩU ,ΩL](Ω) +
4cQz
Ω
χ[2c,∞](Ω)
]
(S3)
Type I WSM; Bulk Intraband Components:
σintra,Ixx,b (Ω) =
i
Ω + i~Γ
αc
4pi2Ψ3
µ˜2
~vF
(
Ψ
1−Ψ2 − tanh
−1(Ψ)
)
(S4)
σintra,Izz,b (Ω) =
i
Ω + i~Γ
αc
2pi2
µ˜2
~vF
tanh−1(Ψ)−Ψ
Ψ3
(S5)
Type II WSM; Bulk Interband Components:
Re
[
σinter,IIxx,b (Ω)
]
=
αc
16pi~vF
{[
−2µ˜3
3Ψ3Ω2
+
µ˜2
Ψ3Ω
− µ˜
(
Ψ2 + 1
)
2Ψ3
+
(
4Ψ3 + 3Ψ2 + 1
)
Ω
12Ψ3
]
χ[ΩU ,ΩL](Ω)
+
[
2µ˜2
Ψ3Ω
+
(
3Ψ2 + 1
)
Ω
6Ψ3
]
χ[ΩL,2c](Ω)
}
(S6)
Re
[
σinter,IIzz,b (Ω)
]
=
αc
16pi~vF
{[
4µ˜3
3Ψ3Ω2
− 2µ˜
2
Ψ3Ω
− µ˜
(
Ψ2 − 1)
Ψ3
+
(
2Ψ3 + 3Ψ2 − 1)Ω
6Ψ3
]
χ[ΩU ,ΩL](Ω)
+
[
−4µ˜2
Ψ3Ω
+
(
3Ψ2 − 1)Ω
3Ψ3
]
χ[ΩL,2c](Ω)
}
(S7)
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2Im
[
σinterxy,b (Ω)
]
=
αc
16pi~vF
{
η
Ψ2
(
µ˜− µ˜
2
Ω
+
(
Ψ2 − 1)Ω
4
)
χ[ΩU ,ΩL](Ω) +
(
2ηµ˜
Ψ2
)
χ[ΩL,2c](Ω)
+
(
4cQz
Ω
)
χ[2c,∞](Ω)
}
(S8)
Type II WSM; Bulk Intraband Contributions:
σintra,IIxx,b (Ω) =
i
Ω + i~Γ
αc
8pi2
1
Ψ3~vF
[
µ˜2
(
Ψ4 + Ψ2
Ψ2 − 1 −
(
log
[(
Ψc
µ˜
)2
−
(
1− ΨQz
µ˜
)2]
+ log
[
Ψ2 − 1]))
+
((
2c +Q
2
z
)
Ψ2
(
Ψ2 − 1)− 2Qzµ˜ (Ψ + Ψ3)) ] (S9)
σintra,IIzz,b (Ω) =
i
Ω + i~Γ
αc
4pi2
1
Ψ2~vF
[
2µ˜2
Ψ
(
log
[(
Ψc
µ˜
)2
−
(
1− ΨQz
µ˜
)2]
+ log
[
Ψ2 − 1])
+2Qz
(
µ˜+ 2cΨ
3 − µ˜Ψ4)+Q2z (Ψ + Ψ5)+ Ψ (2c(Ψ− 1)2 (1 + Ψ4)+ µ˜2 (1− 2Ψ− 2Ψ3 + Ψ4))(Ψ− 1)2
]
(S10)
In the above expressions, we take that α = e
2
~c ≈ 1137 is the fine structure constant, Θ(x) is the Heaviside Theta
function, and χ[a,b](x) is the indicator function with χ[a,b](x) = 1 if x ∈ [a, b] and zero otherwise. We have also made
the following notation [7]
Ω = ~ω; µ˜ = |µ− b0|; ΩU = 2µ˜|Ψ + 1| ; ΩL =
2µ˜
|Ψ− 1| ; c = ~vF kc;Qz = η~vF b (S11)
The above results show that the bulk conductivity components depend explictly on the cutoff energy c, as shown
below. Typically one takes the limit c → ∞ as done in 2D Dirac materials, for example [3]. Such a limit leads to
undesirable consequences in 3D Weyl materials, including singularities in the Kramers-Krnig relations and disappear-
ance of the topological Hall conductivity. The bulk Hall conductivity has a contribution associated with the nontrivial
topology of the WSM and a contribution that is related to other characteristics of the band structure, such as tilting.
The topological part is calculated from the Berry curvature, thus this it is independent of µ, b0 and Ψ, as we found
directly from the Kubo formula.
A graphical representation for the various components of the bulk optical conductivity as a function of frequency
for both types of WSMs is given in Fig. 2 in the main text.
BULK OPTICAL CONDUCTIVITY TENSOR COMPONENTS AT IMAGINARY FREQUENCIES
Here we summarize our results for the nonzero bulk conductivity tensor components at imaginary frequencies ω = iξ.
These are obtained from Kramers-Kro¨nig relations, which are given in Eq. (12) in the main text. We note that taking
the limit c →∞ results in divergencies in the Kramers-Kro¨nig relations. This comes from the fact that σij(ω) does
not decay at least as 1/ω for large ω as required for the fullfilment of the Kramers-Kro¨nig relations. Thus the cutoff
energy plays a crucial role for the optical response properties of these materials described by the effective model for
the 3D Dirac spectra in Eqs. (1-5) in the main text.
After the direct substitution ω → iξ in Eqs. (1-10), we find
Type I WSM; Bulk Interband Components:
σinter,Ixx,b (ξ˜) =
1
192pi2Ψ3ξ˜~vF
[
4
µ˜
ξ˜
(
4µ˜2 − 3 (Ψ2 + 1) ξ˜2)(tan−1( 2µ˜
(1−Ψ)ξ˜
)
− tan−1
(
2µ˜
(Ψ + 1)ξ˜
))
+
((
(3− 4Ψ)Ψ2 + 1) ξ˜2 − 12µ˜2) log( 4µ˜2
(Ψ− 1)2 + ξ˜
2
)
−
((
(3 + 4Ψ)Ψ2 + 1
)
ξ˜2 − 12µ˜2
)
log
(
4µ˜2
(Ψ + 1)2
+ ξ˜2
)
−8µ˜2
(
2Ψ + 3 log
(
1−Ψ
1 + Ψ
))
+ 8Ψ3ξ˜2 log
(
42c + ξ˜
2
)]
, (S12)
3σinter,Izz,b (ξ˜) =
1
96pi2Ψ3ξ˜~vF
[
4
µ˜
ξ˜
(
4µ˜2 + 3
(
Ψ2 − 1) ξ˜2)(tan−1( 2µ˜
(Ψ− 1)ξ˜
)
+ tan−1
(
2µ˜
(Ψ + 1)ξ˜
))
+
(
12µ˜2 + (2Ψ− 1)(Ψ + 1)2ξ˜2
)(
log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
)
− log
(
4µ˜2
(Ψ + 1)2
+ ξ˜2
))
+16µ˜2Ψ− 48µ˜2 tanh−1(Ψ) + 4Ψ3ξ˜2
(
log
(
42c + ξ˜
2
)
− log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
))]
,(S13)
σinterxy,b (ξ˜) =
η
32pi2ξ˜~vF
[
16Qzc
(
pi
2
− tan−1
(
2c
ξ˜
))
+
1
Ψ2
(
4µ˜2 +
(
Ψ2 − 1) ξ˜2)(tan−1( 2µ˜
(Ψ− 1)ξ˜
)
+ tan−1
(
2µ˜
(Ψ + 1)ξ˜
))
−2µ˜ξ˜
Ψ2
(
2Ψ− log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
)
+ log
(
4µ˜2
(Ψ + 1)2
+ ξ˜2
))]
. (S14)
Type II WSM; Bulk Interband Components:
σinter,IIxx,b (ξ˜) =
1
192pi2Ψ3ξ˜~vF
[
4
µ˜
ξ˜
(
4µ˜2 − 3 (Ψ2 + 1) ξ˜2)(tan−1( 2µ˜
(Ψ− 1)ξ˜
)
− tan−1
(
2µ˜
(Ψ + 1)ξ˜
))
+
((
(4Ψ + 3)Ψ2 + 1
)
ξ˜2 − 12µ˜2
)(
log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
)
− log
(
4µ˜2
(Ψ + 1)2
+ ξ˜2
))
−2
((
3Ψ2 + 1
)
ξ˜2 − 12µ˜2
)(
log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
)
− log
(
42c + ξ˜
2
))
+24µ˜2
(
2 log
(
c
µ˜
)
+ log
(
Ψ2 − 1))− 16µ˜2], (S15)
σinter,IIzz,b (ξ˜) =
1
96pi2Ψ3ξ˜~vF
[
4
µ˜
ξ˜
(
4µ˜2 + 3
(
Ψ2 − 1) ξ˜2)(tan−1( 2µ˜
(Ψ + 1)ξ˜
)
− tan−1
(
2µ˜
(Ψ− 1)ξ˜
))
+
(
(2Ψ− 1)(Ψ + 1)2ξ˜2 + 12µ˜2
)(
log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
)
− log
(
4µ˜2
(Ψ + 1)2
+ ξ˜2
))
+2
((
3Ψ2 − 1) ξ˜2 + 12µ˜2)(log (42c + ξ˜2)− log( 4µ˜2(Ψ− 1)2 + ξ˜2
))
+8µ˜2
(
2− 6 log
(
c
µ˜
)
− 3 log (Ψ2 − 1))], (S16)
σinterxy,b (ξ˜) =
η
8pi2Ψ2ξ˜~vF
[
4QzΨ
2c
(
pi
2
− tan−1
(
2c
ξ˜
))
+ µ˜ξ˜
+
(
µ˜2 +
1
4
(
Ψ2 − 1) ξ˜2)(tan−1( 2µ˜
(Ψ + 1)ξ˜
)
− tan−1
(
2µ˜
(Ψ− 1)ξ˜
))
− µ˜ξ˜
2
(
log
(
4µ˜2
(Ψ− 1)2 + ξ˜
2
)
+ log
(
4µ˜2
(Ψ + 1)2
+ ξ˜2
)
− 2 log
(
42c + ξ˜
2
))]
. (S17)
where we have defined ξ˜ = ~(ξ + Γ).
A graphical representation for the various components of the bulk optical conductivity as a function of imaginary
frequency for both types of WSMs is given in Fig. 3 in the main text.
4FRESNEL COEFFICIENTS FOR A 3D SEMI-INFINITE SPACE OCCUPIED BY A MATERIAL WITH
ANISOTROPIC OPTICAL RESPONSE PROPERTIES AND 2D SURFACE CURRENTS
Solving the Maxwell’s equations together with the electromagnetic boundary conditions results in the Fresnel reflec-
tion coefficients, which are necessary for the Casimir interaction calculations. Here we work in Cartesian coordinates
for anisotropic medium taking up the z < 0 space. The boundary condition for the electric Evac, diel and magnetic
Hvac, die fields in the vacuum (vac) z > 0 and dielectric (die) z < 0 regions are given in the presence of surface currents
described by Ohm’s law
zˆ × [Evac −Edie] = 0
zˆ × [Hvac −Hdie] = 4pi
c
Js =
4pi
c
σsEdie, (S18)
where zˆ is the unit vector perpendicular to the z = 0 plane. We can observe a diagram of the system under study in
Fig. S1.
By taking advantage of the planar geometry, the solution to the Maxwell’s equations is sought in terms of the
following orthogonal functions [11]
Mk(r) =
1
k‖
∇× [zˆφk(r)]
Nk(r) =
c
ω
∇×Mk(r), (S19)
where φk(r) = e
i(k·r−ωt), k = (kx, ky, kz) is the wave vector, and k‖ =
√
k2x + k
2
y. The propertyMk(r) =
c
ω∇×Nk(r)
makes this representation convenient in realizing that the electromagnetic wave propagation can be decoupled as s
and p polarized fields.
ij(ω)
µ(ω)
σij(ω)
0
µ0
~Ein
θin
~Erθr
~Eoθo
~Ee
θe
xˆ
zˆ
yˆ
FIG. S1. (Color online) Diagram of the reflection and transmitted electric fields from a planar media with anistropic response
and surface conductivities. We observe that the field at the vacuum is the sum of the incident and reflected fields, and that
the transmitted field is the (possible) sum of two different propagating modes, the ordinary and extraordinary.
Incident Fields The general incident electric field will be the superposition of those two polarized waves
Ein = A⊥M ink (r) +A‖N
in
k (r). (S20)
From the Maxwell Equations, the magnetic field can be obtained by pluging the result of Eq. (S20) in ∇×E = −1c ∂B∂t
with the constitutive relation of the magnetic field in vacuum B = µ−1 ·H = µ−10 H, then
Hin = −i
[
A‖M ink (r) +A⊥N
in
k (r)
]
. (S21)
where A⊥ and A‖ are coefficients and
M ink (r) =
1
k‖
i ei(k·r−ωt)
 ky−kx
0
 , N ink (r) = 1k‖ cω ei(k·r−ωt)
 −kxkz−kykz
k2x + k
2
y
 . (S22)
5Reflected Fields From Snell’s law it follows that for the wave vector of incidence k = (kx, ky, kz) at the z = 0 plane,
the reflected wave vector is kr = (kx, ky,−kz). Thus the reflected electric and magnetic fields can be written in a
similar way,
Er = R⊥M rk(r) +R‖N
r
k(r),
Hr = −i
[
R‖M rk(r) +R⊥N
r
k(r)
]
. (S23)
where the orthogonal functions are
M rk(r) =
1
k‖
i ei(kr·r−ωt)
 ky−kx
0
 , N rk(r) = 1k‖ cω ei(kr·r−ωt)
 kxkzkykz
k2x + k
2
y
 . (S24)
Transmitted Fields To obtainEr andHr, the Maxwell equations are solved for planar wave withE = Eei(k·r−ωt), H =
Hei(k·r−ωt) in a medium with µ = µ01ˆ with anisotropic dielectric function given as
 =
 xx xy xzyx yy yz
zx zy zz
 . (S25)
Taking into account the constitutive relations D =  · E and H = µ−1 · B and using ∇ × E = −1c µ · ∂tH and∇×H = +1c  · ∂tE, one finds in particular
Hz = c
µω
(kxEy − kyEx) , (S26)
Ez = −1
zz
[ c
ω
(kxHy − kyHx) + xxEx + xyEy.
]
(S27)
We further note that the rest of the E andH components can be found by organizing the equations ∇×E = −1c µ·∂tH
and ∇×H = +1c  · ∂tE in the following matrix form equation
A · v = 0, (S28)
where
v> = (Ex, Ey,Hx,Hy), (S29)
A =

c2[k2y
−1
xx−kxky−1xy ]
µω2 − 1
c2[k2x
−1
xy−kxky−1xx ]
µω2
c[ky−1xz −kz−1xy ]
ω
c[kz−1xx−kx−1xz ]
ω
c2[k2y
−1
yx−kxky−1yy ]
µω2
c2[k2x
−1
yy−kxky−1yx ]
µω2 − 1
c[ky−1yz −kz−1yy ]
ω
c[kz−1yx−kx−1yz ]
ω
c3[k3y
−1
zx−kxk2y−1zy ]
µ2ω3
c3[k2xky
−1
zy −kxk2y−1zx ]
µ2ω3 − ckzµω
c2[k2y
−1
zz −kykz−1zy ]
µω2 − 1
c2[kykz−1zx−kxky−1zz ]
µω2
c3[k2xky
−1
zy −kxk2y−1zx ]
µ2ω3 +
ckz
µω
c3[k2xky
−1
zx−k3x−1zy ]
µ2ω3
c2[kxkz−1zy −kxky−1zz ]
µω2
c2[k2x
−1
zz −kxkz−1zx ]
µω2 − 1
 .(S30)
where −1ij is the ij−component of the inverse of . Eqs. (28-30) can further be re-written as an eigenvalue problem,
such that
M · vn = kz,nvn (S31)
with
M =

−kx zxzz −kx
zy
zz
ckxky
ωzz
µω
c − ck
2
x
ωzz
−ky zxzz −ky
zy
zz
−µωc +
ck2y
ωzz
− ckxkyωzz
− ckxkyµω + ωczz (yzzx − yxzz)
ck2x
µω +
ω
czz
(yzzy − yyzz) −ky yzzz kx
yz
zz
− ck
2
y
µω +
ω
czz
(xxzz − xzzx) ckxkyµω + ωczz (xyzz − xzzy) ky xzzz −kx xzzz
 . (S32)
6The eigenfunctions of M with kz < 0 eigenvalue correspond to waves propagating to z → −∞ and are the allowed
solutions for the transmitted waves. As a result, there are two different solutions (degenerated when  is isotropic):
vo with kz,o = qo and ve with kz,e = qe. The corresponding fields can then be written as
Eo(k) =
 vo,1vo,2
Eo,z
 ei(ko·r−ωt), Ho(k) =
 vo,3vo,4
Ho,z
 ei(ko·r−ωt), (S33)
and
Ee(k) =
 ve,1ve,2
Ee,z
 ei(ke·r−ωt), He(k) =
 ve,3ve,4
He,z
 ei(ke·r−ωt), (S34)
where ko = (kx, ky, qo), ke = (kx, ky, qe), and the z−components of (Ez,Hz) can be obtained from the x and y
components of Ez and Hz that appear in v.
General Fresnel coefficients
The Fresnel reflection Rk,q and transmission Tk,q matrices are defined as operators relating the reflected and
transmitted fields to the incident field according to:
Erk = Rk,qE
in
q
Etk = Tk,qE
in
q . (S35)
Using the multipolar basis in Eq. (S35), we have(
M rk
N rk
)
=
(
rMM rMN
rNM rNN
)(
M ink
N ink
)
⇔
(
R⊥
R‖
)
=
(
rMM rMN
rNM rNN
)(
A⊥
A‖
)
(S36)(
Eok
Eek
)
=
(
toM toN
teM teN
)(
M ink
N ink
)
⇔
(
To
Te
)
=
(
toM toN
teM teN
)(
A⊥
A‖
)
(S37)
which specify the components rMM , rMN , rNM , rNN of the reflection matrix and the components toM , toN , teM , teN
of the transmission matrix. The reflection matrices can be directly found from the boundary conditions
nˆ× [Evac −Edie] = 0 (S38)
nˆ× [Hvac −Hdie] = 4pi
c
Js =
4pi
c
σsEdie,
where the incident, reflected, and transmitted fields are found from the previous section. The fields in the vacuum
and the medium are Evac = Ein +Er, Edie = ToEo + TeEe and a similar expression holds for the magnetic field H.
Note that for isotropic dielectrics, Edie = ToEo + TeEe = ToMk + TeNk, and the full derivation is greatly simplified.
For the planar geometry here we take nˆ = zˆ = (0, 0, 1). Applying a scalar product in the above boundary conditions
by the two different incident polarized waves (M †k and N
†
k), one finds 4 equations with 6 variables, such that
M †k · (zˆ × [Ein +Er − (ToEo + TeEe)]) = 0
N †k · (zˆ × [Ein +Er − (ToEo + TeEe)]) = 0
M †k · (zˆ × [Hin +Hr − (ToHo + TeHe)]) = M †k ·
[
4pi
c
σs (ToEo + TeEe)
]
N †k · (zˆ × [Hin +Hr − (ToHo + TeHe)]) = N †k ·
[
4pi
c
σs (ToEo + TeEe)
]
. (S39)
Substituting the incident and reflected field at the boundary (z = 0) by Eq. (S20), Eq. (S21)and Eq. (S23) respectively,
and using the identities M †k ·Mk = N †k · Nk = 1, M †k · Nk = N †k ·Mk = 0, M †k ×Mk = N †k × Nk = 0,
7M †k ×Nk = N †k ×Mk = i cωk and A · (zˆ ×B) = zˆ · (B ×A) one simplifies
M †k · (zˆ × [Ein +Er]) = −i cωkz
[
A‖ −R‖
]
= −zˆ ·
(
M †k × [(ToEo + TeEe)]
)
(S40)
N †k · (zˆ × [Ein +Er]) = −i cωkz [A⊥ +R⊥] = −zˆ ·
(
N †k × [(ToEo + TeEe)]
)
M †k · (zˆ × [Hin +Hr−]) = cωkz [R⊥ −A⊥] = −zˆ ·
(
M †k × [(ToHo + TeHe)]
)
+
4pi
c
M †k · σs (ToEo + TeEe)
N †k · (zˆ × [Hin +Hr]) = − cωkz
[
A‖ +R‖
]
= −zˆ ·
(
N †k × [(ToHo + TeHe)]
)
+
4pi
c
N †k · σs (ToEo + TeEe) .
The above system of equations is solved for 4 variables (reflection and transmission coefficients) as a function of the
(A⊥ and A‖ variables, which are the amplitudes of the incident fields,
R⊥ = A⊥
(HMe − σMe + iENe )(EMo + i(HNo − σNo ))− (HMo − σMo + iENo )(EMe + i(HNe − σNe ))
∆
+2A‖
ENe (H
M
o − σMo )− ENo (HMe − σMe )
∆
,
R‖ = 2A⊥
EMe (H
N
o − σNo )− EMo (HNe − σNe )
∆
+A‖
(HMe − σMe − iENe )(EMo − i(HNo − σNo ))− (HMo − σMo − iENo )(EMe − i(HNe − σNe ))
∆
,
To = 2A⊥
ckz(E
M
e + i(H
N
e − σNe ))
∆ω
− 2A‖ ckz(i(H
M
e − σMe ) + ENe )
∆ω
,
Te = −2A⊥ ckz(E
M
o + i(H
N
o − σNo ))
∆ω
+ 2A‖
ckz(i(H
M
o − σMo ) + ENo )
∆ω
,
∆ = (HMo − σMo − iENo )(EMe + i(HNe − σNe ))− (HMe − σMe − iENe )(EMo + i(HNo − σNo )), (S41)
with the definitions EMo = M˜
†
k ·Eo, EMe = M˜ †k ·Ee, ENo = N˜ †k ·Eo, ENe = N˜ †k ·Ee, HMo = M˜ †k ·Ho, HMe = M˜ †k ·He,
HNo = N˜
†
k ·Ho, HNe = N˜ †k ·He, σMo = M †k,s ·Eo, σMe = M †k,s ·Ee, σNo = N †k,s ·Eo and σNe = N †k,s ·Ee. Also, the
vectors M˜ †k, N˜
†
k, M˜
†
k,s and N˜
†
k,s are defined as
M˜ †k =
−i√
k2x + k
2
y
 kxky
0
 e−i(k·r−ωt), M †k,s = 4pic i√k2x + k2y
 kyσs,xx − kxσs,yxkyσs,xy − kxσs,yy
0
 e−i(k·r−ωt),(S42)
N˜ †k =
c
ω
kz√
k2x + k
2
y
 ky−kx
0
 e−i(k·r−ωt), N †k,s = 4pic cω kz√k2x + k2y
 kxσxx + kyσyxkxσxy + kyσyy
0
 e−i(k·r−ωt).(S43)
The above definitions are justified from the following relations,
zˆ ·M †k ×A =
(
z ×M †k
)
·A = M˜ †k ·A
zˆ ·N †k ×A =
(
z ×N †k
)
·A = N˜ †k ·A,
4pi
c
(
M †k · σs ·A
)
=
(
4pi
c M
†
k · σs
)
·A= M †k,s ·A
4pi
c
(
N †k · σs ·A
)
=
(
4pi
c N
†
k · σs
)
·A= N †k,s ·A. (S44)
The reflection matrix elements rMM , rMN , rNM , rNN can now be determined by comparing the matrix form in
Eq. (S35) and the relations for each component as given in Eq. (S41). The full optical response of the WSM is
now taken into account, such that the bulk components enter in the dielectric function (the components of the di-
electric tensor are related to the components of the optical conductivity tensor via the relation ij(ω) = 1 − 4piiσijω ,
while the surface conductivity enters through the explicitly present σs,ij in the boundary conditions of the magnetic
field, in Eq. (S38). The so-obtained Fresnel coefficients are consistent with the Fresnel coefficients for anisotropic 3D
Topological Insulators in [8] and for 2D Chern Insulators in [9].
8REFLECTION MATRICES FOR WEYL SEMIMETALS
We are interested in the Fresnel coefficients of the Weyl Semimetals. When b = (0, 0, b), the electric permeability
tensor is
 = 0
 xx xy 0yx yy 0
0 0 zz
 (S45)
By using that  is hermitic, we have yx = 
∗
xy. For purely imaginary frequency ω = icκ, all components of  are real,
therefore, in this case, yx = xy.
The 2 different solutions obtained from the eigenproblem of M that goes to zero in the limit z → −∞ are
Eo,x = i
[
kxky
(
k2xxx + 2kxkyxy + k
2
yyy − zzq2e
)
+ µzzκ
2
(
xyk
2
‖ + kxky(xx + yy − zz)
)
+ xyµ
22zzκ
4
]
Eo,y = i
[
k2x
(
xxk
2
y + µ
2
zzκ
2
)
+
(
k2y + µzzκ
2
) (
2kxkyxy + k
2
yyy + zz
(
µyyκ
2 − q2e
))]
Ho,x = −iκqozz
(
k2xzz + kxkyxy + k
2
yyy + zz
(
µyyκ
2 − q2e
))
Ho,y = iκqozz
(
kxky(xx − zz) + xy
(
k2y + µzzκ
2
))
(S46)
Ee,x = i
[
kxky
(
k2xxx + 2kxkyxy + k
2
yyy − zzq2o
)
+ µzzκ
2
(
xyk
2
‖ + kxky(xx + yy − zz)
)
+ xyµ
22zzκ
4
]
Ee,y = i
[
k2x
(
xxk
2
y + µ
2
zzκ
2
)
+
(
k2y + µzzκ
2
) (
2kxkyxy + k
2
yyy + zz
(
µyyκ
2 − q2o
))]
He,x = −iκqezz
(
k2xzz + kxkyxy + k
2
yyy + zz
(
µyyκ
2 − q2o
))
He,y = iκqezz
(
kxky(xx − zz) + xy
(
k2y + µzzκ
2
))
(S47)
with eigenvalues qo = −i
√
S +
√
S2 − T and qe = −i
√
S −√S2 − T , where
S =
k2x(xx + zz) + 2kxkyxy + k
2
y(yy + zz) + κ
2µzz(xx + yy)
2zz
(S48)
T =
(
k2‖ + µzzκ
2
) (
k2xxx + 2kxkyxy + k
2
yyy + κ
2µ
(
xxyy − 2xy
))
zz
(S49)
Reflection matrix with surface conductivities
Using the formulas derived above, the Fresnel reflection matrix is
R =
(
rMM rMN
rNM rNN
)
=
1
∆
(
RMM RMN
RNM RNN
)
, (S50)
where
RMM = zzRMM,0 − 2
κ
RMM,1 −Dσ,
RMN = zz (RMN,0 + 2RMN,1) ,
RNM = zz (RNM,0 + 2µRNM,1) ,
RNN = zzRNN,0 +
2
κ
RNN,1 +Dσ,
∆ = zz∆0 +
2
κ
∆1 +Dσ, (S51)
where the first term of each component is independent of the surface conductivities, the second term is linear in
surface conductivities terms, and the third term is proportional to the determinant of the surface conductivity tensor,
9with
RMM,0 = IeFo(qe − µκz)
(
k2‖ + zz
(
µκ2 + qoκz
))− IoFe(qo − µκz)(k2‖ + zz (µκ2 + qeκz)) (S52)
RMN,0 = 2iκzµ(qe − qo)κFoFe (S53)
RNM,0 = −2iκz zz
κ
(
k2‖ + µzzκ
2
)
(qe − qo)IoIe (S54)
RNN,0 = IeFo(qe + µκz)
(
k2‖ + zz
(
µκ2 − qoκz
))− IoFe(qo + µκz)(k2‖ + zz (µκ2 − qeκz)) (S55)
∆0 = IoFe(qo + µκz)
(
k2‖ + zz
(
µκ2 + qeκz
))− IeFo(qe + µκz)(k2‖ + zz (µκ2 + qoκz)) , (S56)
RMM,1 = κzFo(µκz − qe)(Ge(σ˜xxkx + σ˜yxky) + Ce(σ˜xykx + σ˜yyky))
−κzFe(µκz − qo)(Go(σ˜xxkx + σ˜yxky) + Co(σ˜xykx + σ˜yyky))
−Io
(
k2‖ + zz
(
κ2µ+ κzqe
))
(Ge(σ˜xxky − σ˜yxkx) + Ce(σ˜xyky − σ˜yykx))
+Ie
(
k2‖ + zz
(
κ2µ+ κzqo
))
(Go(σ˜xxky − σ˜yxkx) + Co(σ˜xyky − σ˜yykx)) (S57)
RMN,1 = 2iκz
(
q2e − q2o
) (
k2‖ + µzzκ
2
)
(kx(σ˜xxky − σ˜yxkx) + ky(σ˜xyky − σ˜yykx))
× (kxky(xx − zz) + xy (k2y + µzzκ2)) (S58)
RNM,1 = 2iκzµ
(
q2e − q2o
) (
k2‖ + µzzκ
2
)
(ky(σ˜xxkx + σ˜yxky)− kx(σ˜xykx + σ˜yyky))
× (kxky(xx − zz) + xy (k2y + µzzκ2)) (S59)
RNN,1 = −κzFo(µκz + qe)(Ge(σ˜xxkx + σ˜yxky) + Ce(σ˜xykx + σ˜yyky))
+κzFe(µκz + qo)(Go(σ˜xxkx + σ˜yxky) + Co(σ˜xykx + σ˜yyky))
−Io
(
κzqezz −
(
k2‖ + κ
2µzz
))
(Ge(σ˜xxky − σ˜yxkx) + Ce(σ˜xyky − σ˜yykx))
+Ie
(
κzqozz −
(
k2‖ + κ
2µzz
))
(Go(σ˜xxky − σ˜yxkx) + Co(σ˜xyky − σ˜yykx)) (S60)
∆1 = −κzFo(µκz + qe)(Ge(σ˜xxkx + σ˜yxky) + Ce(σ˜xykx + σ˜yyky))
+κzFe(µκz + qo)(Go(σ˜xxkx + σ˜yxky) + Co(σ˜xykx + σ˜yyky))
−Io
(
k2‖ + zz
(
κ2µ+ κzqe
))
(Ge(σ˜xxky − σ˜yxkx) + Ce(σ˜xyky − σ˜yykx))
+Ie
(
k2‖ + zz
(
κ2µ+ κzqo
))
(Go(σ˜xxky − σ˜yxkx) + Co(σ˜xyky − σ˜yykx)) (S61)
Dσ = 4κzk
2
‖µzz
(
q2o − q2e
) (
k2‖ + µzzκ
2
) (
kxky(xx − zz) + xy
(
k2y + µzzκ
2
))
(σ˜xxσ˜yy − σ˜xyσ˜yx), (S62)
where we have used σ˜ij =
2pi
c σij , kz = iκz (therefore, κz =
√
k2‖ + κ
2), k‖ =
√
k2x + k
2
y, and
Co =
(
k2y + µzzκ
2
) (
2xykxky + yyk
2
y + zz
(
µyyκ
2 − q2o
))
+ k2x
(
xxk
2
y + µ
2
zzκ
2
)
Ce =
(
k2y + µzzκ
2
) (
2xykxky + yyk
2
y + zz
(
µyyκ
2 − q2e
))
+ k2x
(
xxk
2
y + µ
2
zzκ
2
)
Fo = kx
(
zz
(
k2‖ − q2o + µyyκ2
)
+ k2y(yy − xx)
)
− kyxy
(
k2y − k2x + µzzκ2
)
Fe = kx
(
zz
(
k2‖ − q2e + µyyκ2
)
+ k2y(yy − xx)
)
− kyxy
(
k2y − k2x + µzzκ2
)
Go = µzzκ
2
(
xy
(
k2‖ + µzzκ
2
)
+ kxky(xx + yy − zz)
)
+ kxky
(
k2xxx + 2kxkyxy + k
2
yyy − q2ozz
)
Ge = µzzκ
2
(
xy
(
k2‖ + µzzκ
2
)
+ kxky(xx + yy − zz)
)
+ kxky
(
k2xxx + 2kxkyxy + k
2
yyy − q2ezz
)
Io =
ky
z
(
k2xxx + 2kxkyxy + k
2
yyy − q2ozz
)
+ µκ2(kxxy + kyyy)
Ie =
ky
z
(
k2xxx + 2kxkyxy + k
2
yyy − q2ezz
)
+ µκ2(kxxy + kyyy) (S63)
It is easy to check that rNM = rMN .
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Reflection matrix without surface conductivities
Using the formulas derived above, the Fresnel reflection matrix (in the absence of surface conductivities) is
R =
(
rMM rMN
rNM rNN
)
=
1
∆0
(
RMM,0 RMN,0
RNM,0 RNN,0
)
. (S64)
It is easy to check that rNM = rMN .
Limit of small Hall conductivity
Applying a Taylor expansion to the result from Eqs. (64) with respect to the Hall conductivity being small as
compared to the diagonal components, one obtaines
lim
xy1
R =
(
µκz−q1
µκz+q1
0
0 κz−q1κz+q2
)
+ 2xy
κz
k2‖
 kxkyκ
2µ2
q1(µκz+q1)
2 i
(k2x−k2y)µzzκq2(q1−q2)
k2‖(−zz)(µκz+q1)(κz+q2)
i
(k2x−k2y)µzzκq2(q1−q2)
k2‖(−zz)(µκz+q1)(κz+q2)
kxkyq2
(κz+q2)
2
+O [2xy] ,
(S65)
with q1 =
√
k2‖ + µκ
2 and q2 =
√

zz
k2‖ + µκ
2. When µ = xx = yy = zz = 1, for small xy, the R matrix is
approximated by
lim
xy1
R =
xy
2k2‖
 kxky ( κkz )2 ik2y−k2x2 κkz
−ik
2
y−k2x
2
κ
kz
kxky
+O [2xy] , (S66)
[1] Pallab Goswami and Sumanta Tewari, Axionic field theory of (3 + 1)-dimensional Weyl semimetals, Phys. Rev. B 88,
245107 (2013).
[2] P. V. Buividovich, Surface states of massive Dirac fermions with separated Weyl nodes, arXiv:1411.7543 [cond-mat,
str-el] (2014).
[3] P. Rodriguez-Lopez, W. J. M. Kort-Kamp, D. A. R. Dalvit, and L. M. Woods, Nonlocal optical response in topological
phase transitions in the graphene family, Phys. Rev. Materials 2, 014003 (2018)
[4] C. J. Tabert and J. P. Carbotte, Optical conductivity of Weyl semimetals and signatures of the gapped semimetal phase
transition, Phys. Rev. B 93, 085442 (2016)
[5] J. P. Carbotte, Dirac cone tilt on interband optical background of type-I and type-II Weyl semimetals, Phys. Rev. B 94,
165111 (2016).
[6] S. P. Mukherjee and J. P. Carbotte, Imaginary part of Hall conductivity in a tilted doped Weyl semimetal with both broken
time-reversal and inversion symmetry, Phys. Rev. B 97, 035144 (2018)
[7] S. P. Mukherjee and J. P. Carbotte, Absorption of circular polarized light in tilted type-I and type-II Weyl semimetals,
Phys. Rev. B 96, 085114 (2017)
[8] Adolfo G. Grushin, Pablo Rodriguez-Lopez, and Alberto Cortijo, Effect of finite temperature and uniaxial anisotropy on
the Casimir effect with three-dimensional topological insulators, Phys. Rev. B 84, 045119 (2011).
[9] Pablo Rodriguez-Lopez and Adolfo G. Grushin, Repulsive Casimir Effect with Chern Insulators, Phys. Rev. Lett. 112,
056804 (2014).
[10] C. Tauber, P. Delplace, and A. Venaille, Anomalous bulk-edge correspondence in continuous media, arXiv:1902.10050
[cond-mat.mes-hall] (2019).
[11] Sahand Jamal Rahi, Thorsten Emig, Noah Graham, Robert L. Jaffe and Mehran Kardar, Scattering theory approach to
electrodynamic Casimir forces, Phys. Rev. B 80, 085021 (2009).
